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Using gas to drive liquid from a Hele-Shaw cell leads to classical viscous fingering. Strategies for
suppressing fingering have received substantial attention. For steady injection of an incompressible gas, the
intensity of fingering is controlled by the capillary number Ca. Here, we show that gas compression leads to
an unsteady injection rate controlled primarily by a dimensionless compressibility number C. Increasing C
systematically delays the onset of fingering at high Ca, highlighting compressibility as an overlooked but
fundamental aspect of gas-driven fingering.
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When a viscous liquid is displaced from a Hele-Shaw
cell or porous medium by the injection of a gas, the gas-
liquid interface is hydrodynamically unstable and tends to
deform into branched, fingerlike structures [1–4]. This
viscous-fingering instability has been extensively studied
as an archetype of interfacial pattern formation [5–8] and
for its relevance to a variety of practical applications,
including the operation of fuel cells [9,10], the remediation
of groundwater contamination [11,12], and the subsurface
sequestration of CO2 [13,14] or storage of hydrogen [15].
A concern in all applications is understanding the key
mechanisms that promote or suppress the development of
this instability, which is driven by viscous forces in the
defending phase and opposed by capillary forces at the
interface. The capillary number Ca compares the magni-
tudes of these two forces and is thus the key parameter in
determining the intensity of fingering. Recent decades have
seen an increased focus on exploring the impact of
perturbations to the flow or to the flow cell at a given
Ca, including active modulation of the injection rate
[16,17] and use of a geometry that varies in space
[17–22] and/or in time [17,23–26].
One fundamental aspect of this problem that has thus far

been ignored is the volumetric compression of the injected
gas, which is practically unavoidable under the typical
pressures associated with displacing a viscous liquid from a
confined geometry. Previous theoretical studies of fingering
have taken both fluids to be incompressible and many
previous experimental studies have implicitly made the
same assumption. Gas compression can lead to unsteady
flow or even stick-slip motion, thereby exerting a

fundamental influence on displacement processes and
pattern formation [27–30], but the implications of com-
pression on viscous fingering have been overlooked. Here,
we use mathematical modeling, simulations, and experi-
ments to study viscous fingering driven by the steady
compression of a gas reservoir. We find that steady
compression leads to an unsteady injection rate that is
dictated by a dimensionless compressibility number C,
which can be interpreted as the rate of viscous depressuri-
zation relative to the rate of compressive pressurization
[30]. We find that increasing C delays the onset of the
instability to a degree that is comparable to that of
decreasing Ca by a similar magnitude. Our results suggest
that compression can play a fundamental role in viscous
fingering, with implications for many previous studies of
interfacial instabilities during gas-driven displacement.
We consider a radial Hele-Shaw cell comprising a

narrow gap of thickness b between two rigid, circular
plates of radius Rc [Fig. 1(a)]. The gap is initially filled with
an incompressible liquid of viscosity μ and surface tension
γ. This liquid is displaced by injecting gas through a hole in
the centre of one plate. Gas injection is driven by the steady
compression of a connected gas reservoir at volumetric
rate Q, such that the volume of the reservoir is VresðtÞ ¼
Vresð0Þ −Qt. Figure 1(b) shows the time evolution of the
gas-liquid interface in experiments, where silicone oil
(1000 cSt, Sigma) was displaced by air compressed with
a syringe pump. These images suggest that increasing the
initial reservoir volume Vresð0Þ (left to right) while holding
all other parameters constant systematically delays the
onset of fingering, in the sense that the interface remains
near circular up to larger radii. We investigate these
observations quantitatively below using full numerical
simulations of viscous fingering, complemented by experi-
ments and by a simplified axisymmetric model. We observe
strong qualitative and often quantitative agreement between
experiments and simulations, as illustrated in Fig. 1(c).
We compare our experiments and simulations in detail
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alongside further analysis of the axisymmetric model in a
companion study [31]. Here, we focus on the impact of
compressibility on the fingering pattern.
To simulate viscous fingering, we model flow of the

liquid as Stokes flow averaged over the gap b. We make the
problem dimensionless via

x̂ ¼ x
Rc

; t̂ ¼ Q
πR2

cb
t; p̂ ¼ πb3

6μQ
p;

v̂ ¼ 2πRcb
Q

v; V̂ ¼ V
πR2

cb
; ð1Þ

leading to the following dimensionless parameters:

Ca ¼ 12μQRc

2πb3γ
; C ¼ 12μQVgð0Þ

π2R2
cb4patm

; V ¼ Vgð0Þ
πR2

cb
;

α ¼ Rc

b
; R ¼ r0

Rc
; ð2Þ

where the total volume of gas Vg ¼ Vres þ Vb combines
the volume VresðtÞ of gas in the reservoir and the volume
VbðtÞ of gas in the cell. The capillary number Ca,
commonly referred to as the “modified” capillary number,
incorporates the role of the aspect ratio α. The new
compressibility number C compares viscous and compres-
sive (atmospheric) pressure scales or, equivalently, the rates
at which these pressures vary. We fix the geometry of the
flow cell and the radius r0 of the initially circular bubble,
such that α ¼ 250 and R ¼ 0.025. The nondimensional
flow equations are then

∇̂2p̂ ¼ 0 in x̂∈R2nΩ; ð3Þ

v̂n ¼ −
1

1 − f1
ð∇̂ p̂Þ · n on ∂Ω; ð4Þ

Δp̂ ¼ Δp̂gðt̂Þ −
�
πκ̂

4
þ 2αf2

�
on ∂Ω; ð5Þ

Δp̂ ¼ 0 on jx̂j∈ 1; ð6Þ

where ∂Ω denotes the gas-liquid interface, v̂n is the
magnitude of the normal velocity of the interface, n is
the unit normal to the interface, and κ̂ is the signed in-plane
curvature of the interface. Gauge pressures of the liquid and
gas, Δp and Δpg, respectively, are measured relative to
patm. To capture the effects of thin residual films of the
wetting liquid in the gas region [32], the functions f1 and
f2 modify the kinematic and dynamic boundary conditions,
respectively, to account for volume conservation, and
enhanced curvature and viscous stresses at the interface.
Following Peng et al. [33], we adopt the empirical
expressions

f1 ¼
jμvn=γj2=3

0.76þ 2.16jμvn=γj2=3
; ð7Þ

f2 ¼ 1þ 1.59jμvn=γj þ
jμvn=γj2=3

0.26þ 1.48jμvn=γj2=3
; ð8Þ

which were derived by fitting to simulations of viscous
fingering in a rigid Hele-Shaw channel [34].
We ignore pressure gradients in the gas, taking pgðtÞ to

be spatially uniform. We also assume isothermal compres-
sion, such that pgðtÞ ¼ pgð0ÞVgð0Þ=VgðtÞ, which is justi-
fied by our experimental observations (see Appendix A of
Ref. [31]). The dimensionless gauge gas pressure may then
be written

FIG. 1. (a) A body of gas with initial volume Vgð0Þ is compressed at a steady volumetric rateQ in order to displace liquid from the gap
b between two plates, leading to viscous fingering. (b) Experiments performed withQ ¼ 2.5 mL=min for (left to right) Vgð0Þ ¼ 25, 50,
100, and 200 mL. Other parameters are b ¼ 420 μm, Rc ¼ 10.5 cm, μ ¼ 0.97 Pa · s, and γ ¼ 2.1 × 10−2 N=m, such that Ca ¼
5.21 × 103 and α ¼ 250 in all cases. (c) Corresponding fingering simulations [i.e., numerical solutions to Eqs. (3)–(9)]. Column one
shows the incompressible case (black box); columns two to six show the compressible case with patm ¼ 1.01 × 105 Pa and Vgð0Þ ¼ 25,
50, 100, 200, and 400 mL. For both experiments and simulations, each snapshot shows interface contours at equal time intervals of
t̂0.9=10. The arrow indicates increasing compressibility number C, which is proportional to Vgð0Þ and thus increases from left to right.

PHYSICAL REVIEW LETTERS 131, 224002 (2023)

224002-2



Δp̂g ¼
2C−1

�
t̂þR2 − V̂b

�þ Ca−1
�

π
4R þ 2α

�
1 − V−1

�
t̂þR2 − V̂b

� : ð9Þ

In addition to the above compressible model, we also
consider an analogous incompressible model, in which
Eqs. (3)–(8) are unchanged but Δp̂gðt̂Þ is no longer
governed by Eq. (9), instead evolving in time such that
Q̂b ≡ dV̂b=dt̂ ¼ 1 (i.e., Qb ≡ dVb=dt ¼ Q).
We solve both compressible and incompressible models

numerically using a scheme proposed by Morrow et al.
[35], which utilizes the level-set method [36]. Our simu-
lations use the perturbed initial condition

R̂ðθ; 0Þ ¼ R
�
1þ ε

X12
n¼2

cos ½nðθ − 2πrnÞ�
�
; ð10Þ

where R̂ðθ; t̂Þ is the radial position of the interface at
azimuthal coordinate θ, and ε ≪ 1 and 0 ≤ rn ≤ 1 are
random numbers sampled from uniform distributions.
Simulations are performed on the domain 0 ≤ r̂ ≤ 1 and
0 ≤ θ < 2π using 1000 × 1000 equally spaced nodes, and
are concluded when R̂ ≥ 0.99 for any value of θ.
To better understand the coupling between gas com-

pression and fluid displacement, we also consider an
axisymmetric model in which the interface is taken to be
a circle of radius R̂0ðt̂Þ. By further taking the limits that the
air reservoir is much larger than the volume of the
Hele-Shaw cell (V ≫ 1) and that the capillary pres-
sure is negligible relative to atmospheric pressure
f2C−1 ≫ Ca−1½π=ð4RÞ þ 2α�g, and ignoring thin-film
effects (f1 ¼ 0, f2 ¼ 1), Eqs. (3)–(9) reduce to

dR̂0

dt̂
¼ Δp̂g

2R̂0 ln ð1=R̂0Þ
; Δp̂g ¼

2ðt̂þR2 − R̂2
0Þ

C
: ð11Þ

The dynamics of this axisymmetric model [Eq. (11)] are
then determined solely by the compressibility number. For
the incompressible case (C ¼ 0), the solution to the axi-
symmetric model is R̂0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ t̂

p
and Δp̂g ¼ lnð1=R̂0Þ.

We solve Eq. (11) numerically to plot the actual, time-
varying injection rate Q̂bðt̂Þ ¼ dV̂b=dt̂ ¼ 2R̂0ðdR̂0=dt̂Þ and
the gauge gas pressure in Figs. 2(a) and 2(b), respectively,
for a range of C. Both quantities are initially zero for all
C > 0. Both then increase toward and then beyond the
incompressible solution, corresponding to an initial period
of increasing injection rate due to gas pressurization. The
pressure evolves nonmonotonically in time for all C,
increasing at early times when the compression rate
exceeds the injection rate (Q̂b < 1) and then decreasing
at late times, once the injection rate exceeds the compres-
sion rate (Q̂b > 1). The injection rate Q̂b is determined by a
balance between the gauge gas pressure and the viscous
resistance in the draining liquid. This observation can be

used to demonstrate the existence of two dynamical
regimes in the axisymmetric model, see [31]. For C ⪅ 1

(blue curves), the breakout time t̂f ≡ t̂ðR̂0 ¼ 1Þ is unity and
the breakout pressure Δp̂gðR̂0 ¼ 1Þ is zero, corresponding
to a nonmonotonic evolution of Q̂b, which tends to a finite
value at breakout. For C⪆1 (red curves), breakout is
delayed (t̂f > 1) and the breakout pressure is significantly
greater than zero. This overpressure leads to a monoton-
ically increasing and ultimately divergent injection rate as
the viscous resistance vanishes at breakout. These regimes
arise in the axisymmetric model due to the coupling of
time-evolving compressive and viscous forces, independent
of viscous fingering. The same features were recently
identified and analyzed in detail in the context of a capillary
tube [30].
Figures 2(c) and 2(d) show Q̂b and Δp̂g, respectively,

from fingering simulations at the same values of C as in
Figs. 2(a) and 2(b) and for Ca ¼ 2.08 × 104, demonstrating
that the qualitative dynamics of the axisymmetric model
and the fingering simulations are strikingly similar. The
presence of viscous fingering, and to a lesser extent residual
films, leads to a few key differences. Notably, the fingering
simulations achieve breakout much earlier (typically
around t̂f ≈ 0.5 for low C ⪅ 1) because the irregular,
branched interface bypasses a substantial fraction of the
defending liquid. In addition, the transition to monotoni-
cally increasing Q̂b occurs significantly below the thresh-
old C ≈ 1 from the axisymmetric model. (Note that the
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FIG. 2. Nondimensional (left) injection rate Q̂b and (right)
gauge gas pressure Δp̂g for C ¼ 0.018, 0.036, 0.071, 0.14, 0.28,
0.57, 1.13, 2.27, and 4.54 (dark blue to dark red; arrows).
Blue and red curves are for C < 1 and C > 1, respectively. The
incompressible case is also shown (dashed black). Panels (a) and
(b) are from the axisymmetric model [Eq. (11)]. Panels (c) and (d)
are from fingering simulations (solid curves) and experi-
ments (symbols), both for Ca ¼ 2.08 × 104 with V ¼ 0.215;
0.430; 0.859; 1.72; 3.44; 6.87; 13.7; 27.5, and 55 (experimental
values in bold).
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threshold C is approximate in the Hele-Shaw geometry
because of a secondary dependence on R [31].) Unlike in
the axisymmetric model, the values of Q̂b andΔp̂g from the
fingering simulations do also depend on the value of Ca,
but we find that this dependence is comparatively weak, as
discussed below. Nonetheless, this comparison suggests
that the basic physics of compression-driven displacement
underpin the dynamics of this system, even in the presence
of viscous fingering. For comparison, we also plot exper-
imental measurements at four values of C in Figs. 2(c) and
2(d), which show excellent qualitative agreement with the
fingering simulations (see Ref. [31] for a detailed
comparison).
The importance of C is further illustrated by considering

fingering simulations at fixed C and varying Ca as plotted in
Figs. 3(a) and 3(b). In practice, this can be achieved by
varying Q while holding QVgð0Þ and all other parameters
constant. The results of the axisymmetric model are
included for reference (dashed black). The injection rate
Q̂b [Fig. 3(a)] is particularly insensitive to variations in Ca
and, hence, to the evolution of the fingering pattern. The
gauge gas pressure Δp̂g [Fig. 3(b)] appears to be somewhat
more sensitive to the pattern, featuring a more pronounced
Ca-dependent deviation from the axisymmetric solution
after the peak pressure is reached. However, variations in

Ca clearly have much less of an impact on Q̂b andΔp̂g than
variations in C of a similar magnitude [cf. Figs. 2(c) and
2(d)]. This insensitivity to Ca is surprising, given the strong
impact of Ca on the fingering pattern, as illustrated in
Figs. 3(c) and 3(d) for the corresponding experiments and
simulations, respectively. The severity of the fingering
pattern increases with Ca, with the instability beginning
at smaller radii, generating narrower and more-branched
fingers, and leading to earlier breakout—see the values of
the near-breakout time t̂0.9 at which the interface first
crosses R̂ ¼ 0.9, in Figs. 3(c) and 3(d). However, the
evolving balance between compressive and viscous forces
is a bulk feature that is relatively insensitive to the shape of
the interface.
To further examine the influence of C and Ca on viscous

fingering, we perform a linear stability analysis of the full
model [Eqs. (3)–(9)] by considering the growth of pertur-
bations to a near-circular interface R̂ðθ; t̂Þ ¼ R̂0ðt̂Þþ
εγnðt̂Þ cosðnθÞ þOðε2Þ, where ε ≪ 1, and γn is the ampli-
tude of mode n. This analysis adopts the same assumptions
as the axisymmetric model: V ≫ 1, capillary pressure is
negligible compared with atmospheric pressure (but not
negligible overall), and we ignore thin films. As such, the
base state R̂0ðt̂Þ is determined by Eq. (11), but we retain
terms with Ca in the stability analysis. Following the
methodology of Paterson [5], it can be shown that the
growth rate of each mode is given by

λn ¼
γ̇n
γn

¼ n − 1

2R̂2
0

	
Q̂b −

nðnþ 1Þ
CaR̂0



; ð12Þ

where Q̂b ¼ 2R̂0ðdR̂0=dt̂Þ for a circular interface and
dR̂0=dt̂ is determined by Eq. (11). The most unstable
mode is then

nmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ CaR̂0Q̂b

3

s
; ð13Þ

which comes about by solving ∂λn=∂n ¼ 0 for n. Increasing
Ca, R̂0, and Q̂b all increase λn and nmax, thus promoting the
instability (i.e., perturbations grow faster and generate more
fingers). In the incompressible system, for which Eqs. (12)
and (13) were originally derived and where Q̂b ¼ 1 and
R̂0 ¼ ðR2 þ t̂Þ1=2, Ca is the key parameter in determining
the onset of viscous fingering. For the compressible case,
however, both Q̂bðt̂Þ and R̂0ðt̂Þ depend primarily on C. The
very low initial injection rates Q̂b ≪ 1 observed the
axisymmetric model, the fingering simulations, and the
experiments [Figs. 2(a) and 2(c)] tend to reduce λn and nmax
considerably at early times relative to an incompressible
flow, suggesting that fingering is delayed by compressibil-
ity [see Ref. [31] ].

FIG. 3. Nondimensional (a) injection rate Q̂b and (b) gauge gas
pressure Δp̂g from fingering simulations for C ¼ 0.14 and
Ca ¼ 2.61 × 103, 5.21 × 103, 1.04 × 104, and 2.08 × 104 (solid
blue curves; arrows show increasing Ca). The solution to the
axisymmetric model [Eq. (11)] is shown for comparison (dashed
black). Panels (c) and (d) show the evolution of the fingering
pattern from corresponding experiments and simulations, respec-
tively, plotted at equal time intervals of t̂0.9=10.
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To compare the predictions of this linear stability
analysis with the nonlinear evolution of the instability in
the fingering simulations, we quantify the severity of the
fingering pattern using the isoperimetric ratio

Iðt̂Þ ¼ L̂2ðt̂Þ
4πÂðt̂Þ ; ð14Þ

where L̂ and Â denote the perimeter and area of the gas
region, respectively. For a circular interface, I ¼ 1; any
deformation away from a circle results in I > 1. Hence, the
initial deviation of I away from 1 is an indicator of the
onset of instability. Figure 4(a) shows the onset radius R̂� at
which fingers begin to develop [defined here as maxðR̂Þ
when I ¼ 1.1] as a function of C for different Ca.
As C → 0, R̂� asymptotes to the incompressible case.
Increasing C or decreasing Ca systematically delays the
onset of fingering relative to the incompressible case.
Varying either Ca or C by a similar magnitude has a
comparable effect, highlighting the power of C as a control
parameter. While compressibility delays onset primarily by
reducing the initial injection rates at higher C, the overshoot
in Q̂b at later times could drive anomalously fast growth
and exacerbate the final severity of fingering. As shown in
Fig. 4(b), however, the delayed onset with increasing C also
correlates with lower Iðt̂0.9Þ, meaning a less severe finger-
ing pattern near breakout. Hence, C not only delays the
onset of the instability, but also hinders the nonlinear
growth of the fingering pattern. We observe the same
qualitative behavior in experiments over a comparable
range of C ∼ 10−2–100; for a discussion of the distinct
patterns formed in experiments and simulations, see [31].
Thus, compressibility naturally and passively leads to an

unsteady injection rate that can significantly delay the onset
of fingering and reduce the severity of the fingering pattern,
with the compressibility number C having a comparable
effect to that of Ca, the traditional control parameter. Even

for relatively small C, which would be unavoidable even in
systems that are nominally incompressible, the onset radius
is consistently larger and the final isoperimetric ratio is
consistently smaller than for the incompressible case
(Fig. 4), suggesting that compressibility is rarely truly
negligible. Our study is of particular relevance to flows in
porous media where the presence of compressibility is
already widely appreciated in subsurface fluid injection
[37], although its full implications for fluid displacement
and fingering were previously not. There is broad scope for
taking advantage of compressibility in gas-driven flows in
porous media and our study provides a strong foundation
for doing so. Further, our results imply that features in other
physical systems that play a role analogous to compress-
ibility, such as elasticity, heat capacity, or electrical capaci-
tance, can play an important and even controlling role in the
evolution of those systems.

The supporting data for this study are openly available
on Zenodo [38].
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