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Viscous flow in the narrow gap between arigid plate and a confined elastic solid has been
observed to “choke” at high flow rates, due to the deforming solid making contact with the
plate and sealing the gap. When the viscous flow is driven by injection of a gas bubble,
the advancing meniscus is susceptible to the viscous-fingering instability. By comparing
fingering experiments with axisymmetric numerical simulations, we demonstrate that,
depending on the width of the fingers, the fingering instability can either promote or
suppress choking, i.e., cause the system to choke when an axisymmetric system would
not, or vice versa.

DOI: 10.1103/PhysRevFluids.7.L062001

Interactions between interfacial flows and deformable components are encountered frequently in
industry and technology. Traditionally, soft components are introduced to systems as a secondary
means of modifying interfacial instabilities to our advantage. For example, the Rayleigh-Taylor
instability is amplified in solidifying melts to produce soft solids with complex surface geometry [1],
while the onset of the ribbing instability during roll coating is suppressed towards larger roll speeds
if the rolls are covered by a compliant material [2,3]. More recently, soft components have also
become primary in the design of advanced technologies, including nanoscale assembly [4], wearable
sensing devices [5,6], and soft robotics [7], where two-phase flows are exploited for fabrication and
actuation. A fundamental understanding of the potential interactions between multiphase flows and
deformable components is therefore essential, and yet only a handful of model systems have so far
been examined.

One such model system with relevance to both soft technological components and interfacial in-
stabilities is a deformable Hele-Shaw cell. A rigid Hele-Shaw cell comprises a narrow gap between
two parallel plates. The viscous-fingering instability, which occurs when a gas displaces a viscous
liquid between the plates, has been studied extensively as a canonical interfacial instability with
relevance to enhanced oil recovery [8] and carbon sequestration [9]. This instability was previously
coupled to deformable components by replacing one of the rigid plates with an elastic membrane,
creating an unconfined soft Hele-Shaw cell, which delayed the onset of the instability [10]. Here,
we study a confined soft Hele-Shaw cell in which the deformable wall is a volumetrically confined
slab of elastomer [see Fig. 1(a)]. A recent study showed that, for steady single-phase injection, a
confined soft flow cell behaves as a liquid fuse with possible applications to microfluidics and soft

2469-990X/2022/7(6)/1.L062001(7) L062001-1 ©2022 American Physical Society


https://orcid.org/0000-0002-4154-1888
https://orcid.org/0000-0002-1852-5599
https://orcid.org/0000-0001-6725-410X
https://orcid.org/0000-0003-3342-7388
https://orcid.org/0000-0002-8280-0743
https://orcid.org/0000-0002-7458-100X
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.7.L062001&domain=pdf&date_stamp=2022-06-08
https://doi.org/10.1103/PhysRevFluids.7.L062001

GUNNAR G. PENG et al.

Ceeeid

t=0.12 s

LN
ii| gas injection rigid mold Group B ~

\
‘ \ %i\\\c

R )
t=6.13s t=7.535 t=10.1% =11. t=13.55 — t=14.95 ~160 um

FIG. 1. (a) Schematic of the setup (a)i before and (a)ii after the start of gas injection. Here, r;(6) is the
radial extent of the interface, u’(r, 0, z) is the solid displacement vector, and wy(r, ) = ui(r, 6, 0). (b), (c)
Top view of an injected gas bubble displacing viscous liquid in the narrow gap between a glass plate and a
confined slab of elastomer. Images taken at different times ¢ after gas injection started. (b) Group A: The liquid
is dyed blue, so darker color indicates a thicker layer of liquid. Flow-induced deformation of the elastomer
eventually leads to contact between the soft slab and the glass plate in the vicinity of the cell rim (visible
as a white band encircling the cell), trapping the viscous fingers within the cell. (R, = 60 mm, d = 7 mm,
b=15mm,G = 1.15kPa, u = 0.8 Pas, y = 63mN/m, Qp = 500 ml/min.) (The slow dewetting of the film
in the bubble region visible in the last panel did not affect the growth of the fingering instability.) (c) Group B:
The coloring shows change in liquid-layer thickness relative to the thickness of the initial gap b, with red and
blue shades outside the bubble region corresponding to expansion and contraction of the gap, respectively (see
color bar). The fingers escape the cell despite constriction near the rim. (R, = 95mm,d = 4mm, b = 0.16 mm,
G =4.2kPa, u =1.02Pas, y = 63mN/m, Qy = 49.4 ml/min.)

robotics [11]; mechanically, the elastomer is sheared outwards with the flow and accumulates in a
boundary layer near the outlet, which constricts the flow and, above a critical flow rate, “chokes”
the flow entirely. We now extend these previous studies by considering two-phase flow in a confined
soft flow cell and investigate whether the cell still chokes at a critical flux, and the role of viscous
fingering in this process.

Figures 1(b) and 1(c) show two experiments where an injected bubble develops fingers that
either become trapped in the choked cell [Fig. 1(b)] or escape the cell, which in turn fails to choke
[Fig. 1(c)]. Surprisingly, numerical simulations of axisymmetric bubble expansion in a confined
soft flow cell for the same flow rates show the opposite behavior, choking for the parameters of
Fig. 1(c), but not those of Fig. 1(b). This difference in choking behavior must be due to the viscous
fingering, as the simulations are in quantitative agreement with experiments in cases when fingering
is negligible and the interface is nearly circular. Using this comparison between experiments and
axisymmetric mathematical modeling, we elucidate the fluid-structure interactions that enable both
the trapping and escape of viscous fingers and thus demonstrate a systematic relationship between
the outcome and interface morphology.

Two groups of experiments, labeled group A and group B, were performed by the Manchester
and Oxford groups, respectively, using radially outward injection into confined soft Hele-Shaw
cells [Fig. 1(a)]. Silicone-based elastomer was cured in cylindrical molds of radius R, and depth
d to create nearly incompressible soft slabs with aspect ratio .A; = R,/d, which remained adhered
to, and confined by, the mold. The initial separation distance b between the soft substrate and the
overlying glass plate (and the corresponding gap aspect ratio Ay = R,/b) was set by spacers. The
flow cell was prefilled with glycerol, and gas was injected into the prefilled cell through a port
in the center of the glass plate at nominal volumetric flow rate Qy. The properties of the elastomer
(shear modulus G and Poisson’s ratio v) and glycerol (viscosity © and surface tension y) were either
measured prior to each experiment or inferred from published data. The evolution of the interface
was captured by a camera from above. For group B, the deflection of the whole substrate ahead
of the interface was quantified using a custom-built light-attenuation technique (see Supplemental
Material [12]).
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FIG. 2. (a) Phase diagram of experimental results in different soft Hele-Shaw cells in terms of gap aspect
ratio A, vs nondimensional flow rate /A, [12]. The quantity F /A, is calculated using both the maximal
value of the flow rate Q() observed experimentally for 7, < R, — d (large markers) and the nominal imposed
injection flow rate Qg (small dots), connected by a horizontal line. The critical value of F/.A; ~ 1.4, above
which the cells would choke for single-phase flow [11], is shown with the vertical dashed line. Marker shapes
and colors indicate whether choking occurred in the experiments or in analogous axisymmetric simulations
following the experimentally measured Q(¢). (In no case did choking occur in both.) A representative selection
of instantaneous interface shapes and the corresponding points in the phase diagram are marked with numbers
1 to 8. (b) Typical evolution of the nondimensional flow rate F/.A,, with time 7, normalized by the duration of
the experiment 7,4, for when (i) F /A, settles to the nominal (imposed) value Fy/.A; (solid horizontal lines),
(ii) F/ A continues growing throughout the experiment, and (iii) /A, grows before saturating at a value
close to the single-phase choking threshold F/.A; ~ 1.4 (dashed horizontal lines). The saturation flow rate
(i.e., the minimum obtained after the peak) is plotted in panel (a) as crosses connected by horizontal lines
for the relevant experiments in group B. The data correspond to the experiments done with R, = 95 mm,
d =4mm, y = 63mN/m: (i) G =2.9kPa, Qy = 1 ml/min, b = 0.45mm, p = 0.95Pas; (ii) G = 2.9kPa,
Qo = 10ml/min, » = 0.46 mm, u = 1.03 Pas; and (iii) G = 3.9kPa, Qy = 11.1 ml/min, » = 0.16 mm, u =
1.01 Pass. The time evolution was obtained by time differentiating the volume of fluid in the cell as measured by
light attenuation (blue dash-dotted line, group B only), measuring the gas pressure to infer the gas volume (red
solid line, various experiments), and inferring the volume of liquid displaced by the advancing meniscus using
a traveling-wave model (magenta dashed line, all experiments). The three methods agree, and we therefore
choose to report traveling-wave-based measurements in panel (a) [12].

Figure 2(a) summarizes results from more than 150 experiments. The vertical axis is the
gap aspect ratio Ay = R,/b, while the horizontal axis is the nondimensional quantity F/A, =
121.0d? /Qm Gb*R,), which can be interpreted as a nondimensional flow rate. Insets of Fig. 2(a)
illustrate the range of interface morphologies observed due to viscous fingering. In a rigid cell,
fingering would be controlled by two nondimensional parameters: A, and the capillary number
Ca = Q/(2nR,by) (note that Ca is proportional to F/.A, by a constant factor 1242y /(Gb?®) for
any given experiment). References [13—15] predict larger growth rates and wave numbers when Ay
and/or Ca increase. Consistent with these expectations, we see more branching and narrower fingers
as Ay and/or F /A, increase [i.e., moving upward and/or to the right in Fig. 2(a)]. For example,
compare experiments in the lower left (e.g., inset 1) where the interface remains almost circular to
those in the upper right (insets 6-8) where the interface develops long and narrow or highly branched
and fractal fingers. Morphologies intermediate to these extremes are shown by insets 2, 3, and 4,
obtained at approximately the same F /A, and Ca but increasing .A;. Hence, traditional rigid-cell
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control parameters appear to qualitatively describe the fingering pattern. Notably absent from these
results is any evidence that deformation significantly suppresses the instability, as it has been shown
to do in unconfined soft flow cells (see Ref. [10]). A prominent feature of our results, absent from
both rigid and unconfined soft flow cells, is that the fingers can become trapped by choking around
the rim. As discussed above, choking is a key feature of single-phase flow in confined soft flow cells.
We next assess the extent to which fingering can promote or suppress this choking phenomenon.
For steady single-phase injection, our cells would choke for flow rates above the critical value

FJA ~ 1.4, (1)

marked with a vertical dashed line in Fig. 2(a) [11]. This simple picture is not borne out in our
system, where in several experiments the flow rate greatly exceeded the threshold without choking
[blue squares in Fig. 2(a)], while in experiments that did choke (red diamonds) choking often
occurred below the threshold. There are three key differences between our experiments and steady
single-phase injection.

(i) The actual injection rate, i.e., the rate of change of gas volume in the cell, varies in time due
to the effects of gas compression.

(ii) The pressure drop required to drive the flow decreases with time as gas displaces liquid.

(iii) Viscous fingering generates a nonaxisymmetric interface and flow field.

Before we can assess the impact of fingering [point (iii)], we must understand the effects of
points (i) and (ii).

Each experiment is plotted as a small dot in Fig. 2(a), indicating its nominal nondimensional flow
rate Fo/A; = 121Q0d?/(2n Gb*R,), connected by a horizontal line to a large marker, indicating
the maximal flow rate Q(¢) observed in the experiment. We measured Q(¢) in the experiments
using three different methods, all of which agreed [see Fig. 2(b) and Supplemental Material [12]].
The time evolution of Q(¢) is caused by gas compression, and is significant for small gap b or
large nominal flow rate Q. Specifically, Q(¢) is delayed in reaching Qp while gas in the bubble
is compressed, which pressurizes the bubble and drives flow [see Fig. 2(b)]. The gas eventually
depressurizes as the interface advances and the viscous resistance decreases, leading to an overshoot
of the flow rate followed by slow decay towards Qy [Fig. 2(b)i], although the experiment may
end while still in the pressurization phase due to a finger escaping [Fig. 2(b)ii]. For large Qy (i.e.,
Fo/As > 1.4), a near-choking state can be obtained, in which a balance between gas compression
and constriction near the rim prevents Q from rising above the critical value for single-phase choking
given by Eq. (1), although the choking threshold may be transiently exceeded before the constriction
is established [Fig. 2(b)iii]. The near-choking state explains the blue points in Fig. 2(a) with maximal
Q(t) above the choking threshold. In this regime only, we also use a third marker in Fig. 2(a)
(crosses) to show near-choking flow rates [i.e., the minimal measurement after the peak in Q(z)],
which lie close to the threshold and are well below the nominal flow rate.

To assess the effects of two-phase flow and air compression in the absence of fingering, we
use numerical simulations of axisymmetric two-phase displacement in a soft Hele-Shaw cell. The
equations of linear elasticity for the elastomer in the domain 0 < r < R,, 0 < z < d,

o 3(1-=2 d
Ik LAY (2a)
21 +v) G
3
Vio'=———Vp'+ GV =0, 2b
o 0+ v) P+ u (2b)
where u® is the displacement vector, ¢° is the stress tensor, and p* = —Tr(c*)/3 is the solid

pressure, were coupled to the depth-averaged lubrication equations for viscous incompressible flow
of liquid (Af = R,/b > 1) inthe region ry < r < R,,

dwy 19 ( b+ wy)? 8p>
—_ = y— s

ror 12u  or

3
dt ror )
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FIG. 3. Direct comparison between experiments and numerics for R, = 60 mm, d = 15mm, b = 2 mm,
G =136kPa, © =0.72 Pa s, y = 63mN/m, and Qy = 50ml/min, when the interface remains circular.
(a) Time evolution of the interface radius r; obtained numerically (solid line) and in three separate experi-
mental runs (markers showing average with error bars showing standard deviation). (b) A superposition of
instantaneous interfacial shapes obtained experimentally (solid lines) and numerically (dashed lines), with
spacing At = 1.82 s starting from ¢t = 3.26 s after the start of the injection. (c) Numerically obtained radial
profiles of the deflection of the solid free surface scaled by the initial gap thickness, —w/ /b, as a function of
radial position normalized by the solid thickness, r/d, and the corresponding instantaneous positions of the
interface (vertical dashed lines, see also dots in (d)), at the same times as in panel (b). (d) The evolution of
the height of the bulge scaled by the initial gap thickness, max(—wy)/b, as a function of the interface position
normalized by the solid thickness, r;/d. The dashed line indicates the interface position, for which the bulge
height starts decreasing. Note that in panels (c) and (d) the rim is at r/d = r;/d = 4.

where wy (7, t) is the vertical deformation of the cell and p(r, t) is the fluid pressure, while assuming
a spatially uniform pressure inside the expanding circular gas bubble with the interface at r = r;.
The coupling between the fluid and the elastic substrate was imposed at z = 0, by matching w, and
p from the lubrication problem with the z components of #° and ¢° from the solid problem, while
the shear stress from the fluid onto the solid was neglected. The elasticity equations were subjected
to the no-slip boundary conditions on the mold and symmetry conditions at the cell center. At the
displacement front r = r¢(¢), the kinematic and dynamic boundary conditions were modified to
account for residual liquid films [16], and the volumetric flow rate and pressure were imposed at the
cell rim [12].

The evolution of the gap constriction at the rim depends on the time evolution of the flow rate
Q(t). Even in an axisymmetric system, the flow rate would deviate from its nominal value of Qg
due to compressibility; fingering contributes to this deviation by modifying the effective viscous
resistance. To directly compare a fingering flow with an axisymmetric flow in terms of the resulting
impact on choking, we therefore impose the experimentally measured Q(¢) in the numerics.

The effects of axisymmetric two-phase flow on the elastomer deformation are illustrated by
comparing numerical simulations with an experiment in which the interface remained nearly
circular. In this regime, we observe strong quantitative agreement for the time-evolving radius and
shape of the interface [Figs. 3(a) and 3(b)]. Numerically, we find that the gradient in pressure that
drives the liquid outward also shears the soft slab toward the confining rim [Fig. 3(c)]. This generates
the constriction (i.e., the minimum gap) close to the cell rim where sheared material accumulates
in a boundary layer [11]. Inside the bubble, the spatially uniform pressure has no shearing effect on
the incompressible solid, which consequently relaxes back toward its undeformed state. Near the
interface, the cell gap attains its maximum, due to the solid being sheared away from it on the liquid
side only. Since the soft solid is adhered to the plate mold, stresses applied to the solid surface only
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affect an O(d) region around the point of application, and so the effects of the interface only reach an
O(d) length into the liquid region. As the interface approaches within O(d) of the rim, the volume
of material sheared toward the rim diminishes and the constriction reduces in size [Fig. 3(d)].
Hence, two-phase flow without fingering acts to suppress choking due to the interaction between the
interface and the rim at a distance O(d ), which we refer to as the “proximity mechanism.” Viscous
fingering should enhance this effect because the complex interface extends closer to the rim than
a circular bubble growing at the same rate (see Fig. S1 in Supplemental Material [12]). Indeed,
comparing analogous simulations with the high-flow rate experiments in group B [blue squares in
Fig. 2(a)], we find that choking is predicted in axisymmetric simulations, yet it is absent in the
experiments.

Conversely, we also find evidence that fingering can promote choking, compared with axisym-
metric two-phase displacement. Specifically, for the experiments in group A in which choking was
observed [red diamonds in Fig. 2(a)], simulations did not choke for the same flow rate Q(¢). In
the experiments, the nonaxisymmetric flow field generated by the instability increases the local
flow ahead of the advancing fingers [relative to the uniformly distributed flow rate Q/(27R,) in
the case of an axisymmetric interface], which can promote localized choking near the rim ahead of
the fingers even when the azimuthally averaged flux is below the choking threshold. Once choking
occurs locally, the flux increases in all nonchoked regions and the obstruction rapidly spreads around
the entire flow cell. The nonaxisymmetry in the flow field decays ahead of the fingers on a length
scale comparable to the finger width, so this “focusing mechanism” allows wider fingers to promote
choking from a further distance.

Whether fingering promotes or suppresses choking depends on which mechanism is dominant,
which itself depends on finger morphology. When the interface is far away from the rim, neither
mechanism has an effect. As the interface comes closer, for wider fingers the focusing mechanism
has a further reach, so it becomes dominant first and may trigger choking before the bulge is
affected enough by the proximity mechanism; for narrower fingers, the reverse is true. At large Ay,
associated with branched and narrow fingers [blue squares in Fig. 2(a)], choking is therefore heavily
suppressed even for flow rates beyond the axisymmetric choking threshold. (Additionally, for high
flow rates and narrow gaps, the small compressibility of the solid may start to play a role and would
also reduce bulging [17].) For experiments with lower A, associated with moderate, relatively
wide fingering [red diamonds in Fig. 2(a)], the focusing mechanism is dominant and choking is
promoted. Note that in the majority of the parameter space examined neither the experiments nor
the simulations choked [black circles in Fig. 2(a)].

In our study of two-phase flow in a confined soft Hele-Shaw cell, we found no evidence that
viscous fingering is significantly suppressed as it is in an unconfined soft flow cell [10]. Moreover,
the well-defined choking behavior observed for single-phase flow [11] may be either suppressed
or promoted by the presence of the instability, compared with an analogous axisymmetric system.
Thus, the system studied here exhibits neither of the core characteristics of its parent systems. It
is also quite distinct from elastic fingering [18] and fingering in viscoelastic fluids [19]. Similar
richness of behavior to that observed here can be expected in related multiphase flows interacting
with soft components, for example, in soft microfluidics [20] and deformable porous media [21].
We are currently developing more detailed quantitative predictions of fingering and complex fluid-
structure interaction near the cell rim in confined soft Hele-Shaw cells, which could directly benefit
such practical applications.
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S1. EXPERIMENTAL METHODS

The soft slabs were fabricated from PDMS (Sylgard,
Farnell). For group A with Sylgard 527, the base polymer
and catalyst were mixed in a 1:1 ratio, degassed in a vac-
uum chamber and then left to cure between one and three
weeks at room temperature inside rigid circular molds of
inner radius R, = 60 mm and 15 mm frame (made from
plastic) that were glued to a glass base plate. A simi-
lar procedure was followed for group B with Sylgard 184,
except the base polymer and catalyst were mixed in a
1:50 ratio to achieve the low values of G on the order of
kPa, and the mould’s dimensions were R, = 95 mm and
12 mm frame (made from aluminium). The mould depth
was in the range 3mm < d < 15mm, resulting in soft
slabs with aspect ratio 4 < A, = R,/d < 24. Once the
elastomers were cross-linked, they adhered to the inner
boundaries of the rigid moulds. As the substrates aged,
their shear modulus G changed with time. This evolu-
tion was measured on separate test slabs in an oscillatory
rheometer (Kinexsus Pro+, Malvern Panalytic for group
A and MCR301, Anton Paar for group B) over the course
of a month, resulting in an empirical aging formula which
was then used to calculate the value of G appropriate for
each experiment. We measured the shear modulus in the
range 0.94kPa < G < 4.8kPa.

Since the soft wall was made from PDMS, we used
glycerol as the viscous liquid in our experiments, be-
cause it is immisible with the PDMS and did not swell
the soft substrate. Glycerol only partially wetted the
walls of the Hele-Shaw cell. However, behind the moving
interface, the expanding bubble deposited a continuous
film of viscous fluid on the cell boundaries. Dewetting
of the film was only observed in experiments performed
with low F /A, or after the cell choked (see Fig. 1 of the
manuscript, for example), and then only so far behind the
moving interface that its influence on the fingering insta-
bility is assumed to be negligible. In case of dewetting,
far behind the interface thin films on the cell walls would
break up and partially retract, forming thicker layers of
fluid on the cell boundaries (see the darker blue regions
forming behind the interface in the final two images of
Figure 1(b) in the main text). As glycerol absorbs water
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with high affinity, we measured its viscosity before each
batch of experiments using the same shear rheometer as
above (group A), or with a custom pipe rheometer (group
B). The viscosity of glycerol was found to be in the range
0.23Pas < p < 1.38 Pas, while its surface tension was
assumed to be v = 63 mN/m.

The initial separation distance, 0.16 mm < b < 2mm,
between the soft substrate and the overlying glass plate
was set by spacers (giving gap aspect ratios 30 < Ay =
R,/b < 594). Gas was injected into the pre-filled cell
through a port in the centre of the glass plate at nom-
inal volumetric flow rates in the range 1 < Qo < 530
mL/min. For group A, the flow source was a compressed
nitrogen cylinder, whose flow rate was set manually by a
fine needle valve and monitored using a mass airflow me-
ter (Red-Y Smart Meter PCU1000, Icenta Controls Ltd).
A three-way pneumatic solenoid valve was used to switch
the gas flow from exiting into the atmosphere to entering
the cell at the start of each experiment. The volume Vj
of tubing between the needle valve and the cell was calcu-
lated, for use in the modelling of the gas compression. For
group B, the flow source was a syringe pump (AL-4000,
World Precision Instruments) fitted with a Gastight sy-
ringe (1050, Hamilton), connected to the cell port using
tubing, and the total volume Vj in the pump chamber
and the tubing was recorded.

The full list of parameters for each experiment is shown
in Table S1.

The evolution of the air-liquid interface was recorded
in plan view by a digital camera (Nikon D7100, 25 frames
per second for group A; Basler Ace acA4096-30um, 6.5—
15 frames per second, depending on injection rate and
cell volume, for group B). Each experiment was classified
as choking or non-choking based on whether or not the
soft wall made contact with the base plate.

For group B, the recorded videos were also processed
using a light-attenuation method. The initial liquid in
the cell was dyed, so that, in each frame of the video,
at each pixel the thickness of the liquid layer could be
inferred from the light intensity. Ahead of the expanding
interface, where the cell is filled with liquid, the mea-
sured thickness yields the deformation of the soft wall,
after subtraction of the original thickness. Behind the
expanding interface, the measured thickness is the thick-
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ness of the thin films deposited on the walls. Integrating
the thickness over all pixels in the cell yields the total
volume of fluid remaining in the cell.

Due to the injected gas compressing, the actual volume
flow rate Q(t) of liquid being displaced by the gas and
exiting the cell varied (as illustrated in Fig. 2 of the
manuscript). To measure Q(t) in each experiment, we
employed up to three different methods.

Firstly, for group B, Q(t) can be obtained as the time
derivative of the remaining volume of fluid in the cell, as
measured using the light-attenuation method.

Secondly, for group B and some of group A, we
recorded the bubble pressure py(t) relative to the atmo-
spheric pressure using Honeywell pressure sensors in the
range of up to 15 PSI, and used an isothermal model
for the gas compression to obtain an approximation of
Q(t). The relationship between the volume V;(¢) and
(gauge) pressure p,(t) in the gas region is given by
Vo(t) = Va(1+pp(t) /pa) ~t, where V, is the uncompressed
volume of the gas and p, is atmospheric pressure. For
group A where the flow is driven by gas injection via a
constricting valve, the uncompressed gas volume down-
stream of the valve increases as V, = Vi + Qot and the
flow rate is given by

d

_
Todt

Q (S1a)

” [(Vo 4+ Qot) (1 +pu(t)/pa) '] -

For group B where the flow is driven by a syringe pump,
the total uncompressed gas volume stays constant at
V., = Vi and the flow rate is given by

dv; d
Q=Qo+ ' =Q+

3 Vol +po(t)/pa) "] - (S1D)

Thirdly, for all experiments, we used a travelling-wave
analysis to obtain an approximation of the flow rate from
the interface position data: At each point on the inter-
face, the local normal velocity of the interface is extracted
from the video. Assuming that the velocity evolves slowly
with time, the deformation is approximately steady in a
travelling-wave frame of reference moving with the inter-
face. Calculating this local solution numerically yields a
prediction for the local amount of liquid being displaced
by the advancing meniscus, or equivalently the thickness
of the liquid films deposited behind. Integrating around
the perimeter yields the total rate of fluid displaced by
the bubble and hence leaving the cell.

S2. MATHEMATICAL MODEL

We use an axisymmetric depth-averaged model for the
flow in the cell, split into two regions separated by the
bubble tip 7 = r;(¢). In the bubble region 0 < r < 7y
the pressure is spatially uniform, p(r,t) = py(t), while in
the liquid region ry < r < R, the vertical deformation
wg(r,t) of the cell evolves according to the lubrication

144 equation,

owy 19

T ror

ET (S2)

(r

The interfacial conditions at the meniscus r = r? are

b+ wf)3 @
120 Or)

Ry 77(b+wf)28p

(1 fl)Tf = 712“ 787" (S3a)
_ 2 a

Db p*b+wf(1+f2)+rf, (S3b)

and depend on the capillary number Ca = prs /v via the
functions

o Ca?/3 $3

hiCa) = G o 16cas (S3c)
Ca2/3

f2(Ca) +1.59 Ca, (S3d)

~ 0.26 + 1.48 Ca2/3

which measure the thickness of the films deposited be-
hind the tip and the additional viscous pressure drop
due to the deposition flow [1]. For the elastic slab in the
domain 0 < r < R,, 0 < z < d, the deformation u*
and stress ¢° are modeled using the equations of linear
elasticity, which are formulated with an auxiliary vari-

able p* = —Tr(c®)/3 in order to avoid a singularity in
the incompressible case v = 1/2,
s 3v s s sT
o :—l_ypH-G(Vu + V'), (S4a)
3(1 —2v) p®
Veut o P S4b
“toarny e Y (S4b)
3
0= 0¥ = — s 2 s 4
V.o 2(1+V)Vp + GVu (S4c)

s No-slip conditions u® = 0 are applied on the mold at

us 7 = R, and at z = d, and symmetry conditions u;
wr Ouf/Or = 0 on the axis r = 0. On the surface z = 0, the
us surface deformation and normal stress are coupled to the
w fluid, uf = wy and o7, = —p, while the shear stress from
10 the fluid is neglected, o7, = 0.

We impose the volumetric flow rate of liquid leaving
152 the cell as

151

b Op

= —27R,— — .
Q) =-2rhog 5|

(S5)
153 Due to the mold sidewall having a thickness £¢;.;p,, im-
15 posing zero (i.e. atmospheric) pressure at the outside of
155 the mold results in the outflow pressure at the end of the
156 computational domain being

124Q

Ro + Erim
27h3 '

R,

In

p(Ro,t) = (S6)

157 The governing equations were solved numerically using
a finite-difference method on a grid with spacing 0.02d,
with implicit time-stepping using Newton iteration and
an adaptive step size. (Doubling the resolution changed
the results by approximately 2%.)
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d b G 7 Vo Qo
(mm) | (mm) | (kPa) | (Pa s)|(ml) (ml/min)
15 2 1.36 | 0.72 | 15 |50, 100, 150, 200, 250, 300, 350, 400, 450
15 1.5 | 1.02 | 0.73 | 15 50, 100
10 9 1.02 | 0.23 | 20 50, 100, 150
Group A 1.06 | 0.68 | 20 200, 300, 400, 500, 540
o mm |10 | 15 [ 131072 | 15 50, 100, 150
V=05 7 1.5 | 1.15| 0.8 | 20 50, 100, 200, 300, 400, 500
S 68mN/m || A2 [ 102075 [ 15 20, 50, 100, 150, 200, 250
0 = 15mm 5 15 0.94 | 0.79 | 20 50, 100, 150, 200
0.98 | 0.83 | 20 250, 300, 350, 400, 450, 500, 540
5 1 1.33 | 0.65 | 15 100, 200, 300
3 1 1.62 | 0.72 | 15 100, 200, 300, 400, 530
3 0.52 | 1.62 | 0.72 | 15 100, 200
0.453| 2.9 | 0.95 1
0.462| 2.9 | 1.03 10
4 0459 3.1 | 1.12 43 30
0.463| 3.1 | 1.15 90
Group B 0.325| 3.1 | 1.11 4.5
R, — 95mm 0.342| 3.9 | 1.38 13.5
V=05 4 10.332| 3.9 | 1.09 | 32 26.8
~ = 63mN/m 0.331| 3.9 | 1.06 48.9
Crim = 12mm 0.330| 3.9 | 1.04 81.4
0.164 3.9 | 1.01 11.1
0.164| 4.2 | 1.00 25.5
4 10.153| 4.8 | 0.82 | 32 37.5
0.160| 4.2 | 1.02 49.4

TABLE S1. Parameter values used in the experiments shown in Fig. 2 of the manuscript. In group B, the nominal values of b
were 0.45, 0.32 and 0.16 mm, and the table shows the average value as measured by the light attenuation method.

S3. FINGERING SUPPRESSES CHOKING

Fig. S1 shows a direct comparison between exper-
iments and numerics for group B, which illustrates
the enhanced suppression of choking due to fingering.
Fig. Sl(a) shows the time-evolution of the maximum
plate deflection measured at the bulge, max(—wy), nor-
malised by the initial gap thickness b (for experiments,
the azimuthal average of —w¢(r,6) around the entire cell
was used to measure max(—wy)/b). In all cases shown,
the numerics (solid lines) predict choking, while we ob-
serve no choking in the experiments (symbols). Until

13 just before the instant of numerical choking, max(—wy)/b
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shows strong agreement between experiments and nu-
merics, consistent with the assumption that choking be-
haviour should depend only on flow rate while the inter-
face is still far (> d) from the boundary layer at the rim,
see also [2]. By contrast, the maximum interface posi-
tion relative to the inlet max(r;(#)) (normalised by slab
depth d) shows strong divergence [Fig. S1(b)], with the
experimental interfaces extending much closer to the rim
(marked with the dashed line) than the corresponding

183

184

18

o

18

>

187

188

189

19

S

19

=2

192

19

@

19

b

19

@

196

19

<Q

198

19

©

201

S

20

=2

20

o

20,

&

204

circular interfaces in numerics due to viscous fingering.
The values of max(ry)/d at the final time of the simu-
lations (i.e., when the cell chokes in numerics), rg,, are
indicated in Fig. S1(b) by crosses and large triangles for
numerics and experiments, respectively. These interfacial
positions are then plotted in Fig. S1(c) as a function of
nondimensional nominal flow rate Fy/As, and the data
is extended to include all experiments from group B (see
table S1). This includes some data, for which neither
the experiments nor the simulations choked, so the cor-
responding final times are when the interface escaped the
experimental cell, and the experimental rg,/d reported
in Fig. S1(c) is approximately equal to R,/d. In these
cases, we use circles for experiments in Fig. S1(c), and
triangles are used otherwise. As illustrated in Fig. S1(c),
the experimental interfaces are closer to the rim by a fac-
tor of 1.6-2.4 than the numerical interfaces at the instant
of choking (or escape), and typically within O(d) of the
rim (most are within 6-8 d). The above observations all
corroborate the existence of the proximity mechanism by
which fingering suppresses choking, as presented in the
main document.
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FIG. S1. (a-b) Direct comparison between experiments (symbols) and numerics (solid lines) for the parameters given in rows
3, 8, 9 and 11 of group B in Table S1. (a) Maximum deformation max(—wy) near the rim of the soft plate normalised by
the relaxed gap b as a function of normalised time. (b) Maximum radial coordinate max(rs(6)) of the interface normalised by
relaxed slab depth d as a function of normalised time. Arrows indicate increasing nondimensional nominal flow rate Fo/A,.
For clarity, the time axis is truncated before the highest flow rate experiment ended. (c) Maximum interface position at the
time of choking in the numerics or, when neither the experiments nor the simulations choke, escape in the experiments, 7y,
normalised by d as a function of Fy/.As for experiments (large open symbols) and numerics (red crosses) in group B. Triangles
indicate experiments that did not choke while the corresponding numerics did, and circles are used for experiments if neither
the experiments nor the simulations choked. In (b-c), horizontal dashed lines indicate the edge of the soft plate, r/d = R, /d.
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